Euler's difference table associated to the sequence {n!} leads naturally to the counting formula for the derangements. In this paper we study Euler's difference table associated to the sequence {ℓ n n!} and the generalized derangement problem. For the coefficients appearing in the later table we will give the combinatorial interpretations in terms of two kinds of k-successions of the group C ℓ ≀ S n . In particular for ℓ = 1 we recover the known results for the symmetric groups while for ℓ = 2 we obtain the corresponding results for the hyperoctahedral groups.
Introduction
The problème de rencontres in classical combinatorics consists in counting permutations without fixed points (see [6, p. 9-12] ). On the other hand one finds in the works of Euler (see [11] ) the following table of differences: Clearly this table leads naturally to an explicit formula for g 0 n , which corresponds to the number of derangements of [n] = {1, . . . , n}. As n! is the cardinality of the symmetric group of [n], Euler's difference table can be considered to be an array associated to the symmetric group.
In the last two decades much effort has been made to extend various enumerative results on symmetric groups to other Coxeter groups, the wreath product of a cyclic group with a symmetric group, and more generally to complex reflection groups. The reader is referred to [1, 2, 10, 9, 12, 14, 4, 5, 3] and the references cited there for the recent works in this direction.
In this paper we shall consider the problème de rencontres in the group C ℓ ≀ S n via Euler's difference table. For a fixed integer ℓ ≥ 1, we define Euler's difference table for C ℓ ≀ S n to be the array (g m ℓ,n ) n, m≥0 defined by g n ℓ,n = ℓ n n! (m = n); g The first values of these numbers for ℓ = 1 and ℓ = 2 are given in Table 1 . The ℓ = 1 case of (1.1) corresponds to Euler's difference table, where g n 1,n is the cardinality of S n and g 0 1,n is the number of derangements, i.e., the fixed point free permutations in S n . The combinatorial interpretation for the general coefficients g m 1,n was first studied by Dumont and Randrianarivony [11] and then by Clarke et al [8] .
More recently Rakotondrajao [15, 16] has given further combinatorial interpretations of these coefficients in terms of k-successions in symmetric groups.
As g n 2,n = 2 n n! is the cardinality of the hyperoctahedral group B n , Chow [9] has given a similar interpretation for g 0 2,n in terms of derangements in the hyperoctahedral groups.
For positive integers ℓ and n the group of colored permutations of n digits with ℓ colors is the wreath product G ℓ,n = C ℓ ≀ S n = C n ℓ ⋊ S n , where C ℓ is the ℓ-cyclic group generated by ζ = e 2iπ/ℓ and S n is the symmetric group of the set [n] . By definition, the multiplication in G ℓ,n , consisting of pairs (ǫ, σ) ∈ C n ℓ ×S n , is given by the following rule: for all π = (ǫ, σ) and π ′ = (ǫ ′ , σ ′ ) in G ℓ,n , One can identify G ℓ,n with a permutation group of the colored set:
via the morphism (ǫ, σ) −→ π such that for any i ∈ [n] and 0 ≤ j ≤ ℓ − 1, π(i) = ǫ σ(i) σ(i) and π(ζ j i) = ζ j π(i).
Clearly the cardinality of G ℓ,n equals ℓ n n!. We can write a signed permutation π ∈ G ℓ,n in two-line notation. For example, if π = (ǫ, σ) ∈ G 4,11 , where ǫ = (ζ 2 , 1, 1, ζ, ζ 2 , ζ, ζ, ζ, 1, ζ, ζ
3
) and σ = 3 5 1 9 6 2 7 4 11 8 10,
we write π = 1 2 3 4 5 6 7 8 9 10 11 3 ζ 2 5 ζ 2 1 9 ζ6 2 ζ7 ζ4 ζ 3 11 ζ8 ζ10 .
For small j, it is convenient to write j bars over i instead of ζ j i. Thus, the above permutation can be written in one-line form as π = 351 96 274 118 10, or in cyclic notation as π = (1, 3) (2, 5, 6) (4, 9, 11, 10, 8) (7).
Note that when using cyclic notation to determine the image of a number, one ignores the sign on that number and then considers only the sign on the next number in the cycle. Thus, in this example, we ignore the sign ζ 2 on the 5 and note that then 5 maps to ζ6 since the sign on 6 is ζ. Furthermore, throughout this paper we shall use the following conventions:
ii) For i ∈ [n] and j ∈ {0, 1, . . . , ℓ − 1} define
iii) We use the following total order on Σ ℓ,n : for i, j ∈ [ℓ] and a, b ∈ [n],
It is not hard to see that the coefficient g The first terms of these coefficients for ℓ = 1, 2 are given in Table 2 .
One can find the ℓ = 1 case of (1.2) and the [16] has given a combinatorial interpretation for the coefficients d m 1,n in the symmetric group S n . The aim of this paper is to study the coefficients g m ℓ,n and d m ℓ,n in the colored group G ℓ,n , i.e., the wreath product of a cyclic group and a symmetric group. This paper merges from the two papers [8] and [16] . In the same vein as in [8] we will give a q-version of (1.1) in a forthcoming paper.
Main results
We first generalize the notion of k-succession introduced by Rakotondrajao [16] in the symmetric group to G ℓ,n .
Definition 1 (k-circular succession). Given a permutation π ∈ G ℓ,n and a nonnegative integer k, the value π(i) is a k-circular succession at position i ∈ [n] if π(i) = i+k. In particular a 0-circular succession is also called fixed point.
Remark 2. Some words are in order about the requirement π(i) = i + k in this definition. The "wraparound" is not allowed, i.e., i + k is not to be interpreted mod n, also i + k needs to be uncolored, i.e., i + k ∈ [n], in order to count as a k-circular succession.
Denote by C k (π) the set of k-circular successions of π and let c k (π) = # C k (π). In particular F IX(π) denotes the set of fixed points of π. (ii) The entry g m ℓ,n is the number of permutations in G ℓ,n without m-circular succession.
For example, the permutations in G 2,2 whose fixed points are included in [1] Note that Dumont and Randrianarivony [11] proved the ℓ = 1 case of (i), while Rakotondrajao [16] proved the ℓ = 1 case of (ii).
Let c 
Denote by L k (π) the set of k-linear successions of π and let l k (π) = #L k (π). Let l k ℓ,n,m be the number of colored permutations in G ℓ,n with m k-linear successions. For example, 9 and 3 are the two 2-linear successions of the permutation π =52 4 7 9138 6 ∈ G 4,9 .
where, by convention, σ(0) = 0 and ε(0) = 1.
Denote by L * k (π) the set of skew k-linear successions of π and l * k (π) = #L * k (π). The number of permutations in G ℓ,n with m skew k-linear successions is l * k ℓ,n,m . Obviously we have the following relation:
Let δ be the bijection from G ℓ,n onto itself defined by:
4)
and
Thanks to the transformation Φ the two statistics c k and l k are equidistributed on the group G ℓ,n for k ≥ 1. So we can replace the left-hand sides of (2.1) by l Our proof of the last two theorems is a generalization of that given by Clarke et al [8] , where the (k, ℓ) = (0, 1) case of Corollary 8 is proved. Note that the (k, ℓ, m) = (0, 2, 0) case of (2.6) is the main result of a recent paper by Chen and Zhang [7] .
In order to interpret the entry d m ℓ,n we need the following definition.
Let I m ℓ,n be the set of m-increasing-fixed permutations in G ℓ,n . For example, 
Clearly f defines a group action of G ℓ,m on the set F m ℓ,n . We can choose an element π in each orbit such that
As the cardinality of the group G ℓ,m is ℓ m m!, we derive that the number of the orbits equals g m ℓ,n /ℓ m m!.
Rakotondrajao [16] gave a different interpretation for d m ℓ,n when ℓ = 1. We can generalize her result as in the following theorem.
iii) each cycle of π has at most one point in common with [m] .
Let D m ℓ,n be the set of m-isolated-fixed permutations in G ℓ,n . For example, As we will show in Section 7 there are more recurrence relations for g m ℓ,n and d m ℓ,n . In particular, we shall prove an explicit formula for the ℓ-derangement numbers:
which implies immediately the following recurrence relation:
Note that (2.8) is the ℓ-version of a famous recurrence for derangements. Using the combinatorial interpretation for g m ℓ,n and d m ℓ,n it is possible to derive bijective proofs of these recurrence relations. However we will just give combinatorial proofs for (2.8) and two other recurrences by generalizing the combinatorial proofs of Rakotondrajao [16] for ℓ = 1 case, and leave the others for the interested readers.
The rest of this paper is organized as follows: The proofs of Theorems 2, 3, 6 and 11 will be given in Sections 3, 4, 5 and 6, respectively. In Section 7 we give the generating function of the coefficients g m ℓ,n 's and derive more recurrence relations for the coefficients g 
ℓ,n (k) whose maximal k-circular succession is m + 1. It remains to show that the cardinality of the latter set equals s m ℓ,n−1 . To this end, we define a simple bijection ρ : 
Proof of Theorem 4
Let S k n (x) be the counting polynomial of the statistic c k on the group G ℓ,n , i.e.,
Then (2.1) is equivalent to the following equation:
By (2.3) it is readily seen that
It follows that
For any π ∈ G ℓ,n+1 such that π(1) = k + 1 we can associate bijectively a permutation
Therefore we can rewrite (4.4) as (4.2).
We can also derive Theorem 3 from Theorem 2. First we prove a lemma. Denote by G ℓ,n,k,i the set of all permutations in G ℓ,n whose maximal position of k-circular successions equals i. Define the mapping R i : π → π ′ from G ℓ,n,k,i to G ℓ,n−1 such that the linear form of π ′ is obtained from π = π 1 . . . π n by removing the letter (i + k) and replacing each colored letter π j by π j − 1 if |π j | > i + k. It is readily seen that the map R i is a bijection and c k (π ′
Conversely given a subset 
which is obvious in view of the identity
. This completes the proof of Theorem 3.
Proof of Theorem 7
There is a well-known bijection on the symmetric groups transforming the cyclic structure into linear structure (see [13] and [18, p. 17] ). We need a variant of this transformation, say ϕ : S n → S n , as follows.
Given a permutation σ ∈ S n written as a product of cycles, arrange the cycles in the decreasing order of their maximum elements from left to right with the maximum element at the end of each cycle. We then obtain ϕ(σ) by erasing the parentheses. Conversely, starting from a permutation written in one-line form σ ′ = a 1 a 2 . . . a n , find out the right-to-left maxima of σ ′ from right to left and decompose the word σ ′ into blocks by putting a bar at the right of each right-to-left maximum and construct a cycle of σ with each block.
For example, if σ = (3, 1, 4, 6, 9)(5, 7, 8)(2) ∈ S 9 then ϕ(σ) = 3 1 4 6 9 5 7 8 2. Conversely, starting from σ ′ = 3 1 4 6 9 5 7 8 2, so the right-to-left maxima are 9,8 and 2, then the decomposition into blocks is 3 1 4 6 9|5 7 8|2| and we recover σ by putting parentheses around each block. Proof. Indeed, an integer p is a k-circular succession of σ if and only if there is an integer i ∈ [n] such that σ(i) = i + k, so i and i + k are two consecutive letters in the one-line form of ϕ(σ). Conversely if i and i + k are two consecutive letters in the one-line form of a permutation τ then i cannot be a right-to-left maximum, so i and i + k are in the same cycle of ϕ −1 (τ ), say σ, and then σ(i) = i + k.
We now construct a bijection Φ : π → π ′ from G ℓ,n onto itself such that
Factorize σ as product of r disjoint cycles C 1 , . . . , C r . Suppose that ℓ i and g i are, respectively, the length and greatest element of the cycle
for all i ∈ [r] and 1 ≤ j ≤ ℓ i . We proceed by induction on j as follows: For each i ∈ [r] let sgn π ′ (σ(g i )) = sgn π (σ(g i )), and for j = 2, . . . , ℓ j define
It is easy to establish the inverse of Φ. Bijection Φ −1 : Starting from π ′ we can recover σ = |π| by applying ϕ −1 to σ ′ . Suppose σ ′ is given as in (5.2) and g 1 , . . . , g r are the left-to-right-maxima. We then determine sgn π (σ j (g i )) for all i ∈ [r] and 1 ≤ j ≤ ℓ i as follows:
, and for j = 2, . . . , ℓ j define 
Note that if σ(i) is a k-circular succession of σ then i and σ(i) must be in the same cycle and that σ(i) cannot be in T σ for, otherwise, i would be the greatest element of the cycle but this is impossible because σ(i) = i + k (k ≥ 1). Now, assume that σ(i) is a k-circular succession of σ.
(i) Suppose sgn π (σ(i)) = 1. As σ(i) ∈ T σ and σ −1 (σ(i)) = i, we have
(ii) Suppose that sgn π ′ (σ(i)) = sgn π ′ (i). As σ(i) ∈ T σ and σ −1 (σ(i)) = i, we have
Hence (5.5) is established.
Obviously the above lemma is equivalent to (2.4). We obtain (2.5) by combining (2.4), (2.2) and (4.3).
We conclude this section with an example. Consider π = 1 2 3 4 5 6 7 8 9 3 498 75 621 ∈ G 4,9 .
Factorizing σ = |π| into cycles we get σ = (1, 3, 9)(2, 4, 8)(6, 5, 7), then σ ′ = 1 3 9 2 4 8 6 5 7 and T σ = {1, 2, 6}.
The signs of σ ′ (i) for i ∈ [9] are computed as follows:
sgn π ′ (6) = sgn π (6) = 1 for 6 ∈ T σ ;
Thus we have π → π ′ =13 9248 657. We have
. Conversely, starting from π ′ , we can recover σ by ϕ −1 and the signs of σ(i) (i ∈ [n]) by (5.4). As σ = (139)(248)(657) and T σ = {1, 2, 6}, we have, for example,
Proof of Theorem 12
We shall give two proofs by using Theorems 9 and 2, respectively.
First Proof
We shall define a mapping ϕ : π → π ′ from D m ℓ,n to I m ℓ,n in two steps. First we establish the correspondence |π| → |π ′ | and then determine the sign transformation. Define the permutation |π
is the increasing rearrangement of |π| (1), . . . , |π|(i m ) and |π
where s is the smallest non negative integer such that |π ′ | −s (i) ∈ T , where
and by convention |π ′ | 0 (i) = i. In particular if i ∈ [m] ∩ T , then s = 0 and i is a fixed point of |π|. The other cycles remain unaltered.
For example, for π = (1)(2,7,6)(3,5, 9)(4)(8) ∈ D 4 3,9 (i.e., n = 9, ℓ = 3, m = 4), we have |π| = (1)(2, 7, 6)(3, 5, 9) (4)(8) the signs of other letters reamain unaltered, i.e.,
Continuing the above example, we have sgn
Second proof
Let G 
Clearly this is an equivalence relation. To determine the equivalence class C π of each permutation π ∈ G (8)(9). 
Generating functions and further recurrence relations
For any function f : Z → C introduce the difference operator ∆f (n) = f (n)−f (n−1). Then it is easy to see by induction on N ≥ 0 that
Proposition 17. For m ≥ 0 the following identities hold true:
Multiplying the above identity by u n /n! and summing over n ≥ 0 we obtain
Shifting n to n + i yields
which is clearly equal to the right-hand side of (7.3). Finally multiplying (7. 3) by x m /m! and summing over m ≥ 0 yields (7.4).
Setting m = 0 in (7.2) yields immediately formula (2.7). (7.3). Differentiating F (u) and using the right-hand side of (7.3) we get
Equating the coefficients of u n /n! in (7.9) yields
which gives (7.6) by shifting n + m + 1 to n. Next, multiplying the two sides of (7.3) by 1 − ℓu gives
Equating the coefficients of u n /n! yields which is (7.7) by shifting n + m to n. Finally, we derive (7.8) from (7.7) and (1.1):
The proof is thus completed.
It is easy to convert the above relations for g Proof. The equations (7.12), (7.13) and (7.14) follow directly from Proposition 18.
Combinatorial proofs of three recurrence relations
Using the combinatorial interpretation for d n ℓ,n in Theorem 11 we now give combinatorial interpretations of (1.2), (2.8) and (7.14) by generalizing the proofs of Rakotondrajao [16] , which correspond to the ℓ = 1 case.
Combinatorial proof of (1.2)
We shall prove that the cardinality of D It remains to show that ϑ is a bijection. Given (ǫ, α, π ′ ) let σ ′ = |π ′ |. We define the inverse ϑ To see that this is indeed the inverse of ϑ we just note the following simple facts:
•
• If m ∈ cycle of σ containing i < m and sgn π (m) = 1 then α = m, ǫ = 1; and π ′ is obtained from π by just replacing ǫm by m. We have
• If m ∈ cycle of σ containing i < m then α < m. In this case the image π ′ is defined by the second case of the construction of ϑ. We have ϑ(π)
Combinatorial proof of (2.8)
We shall prove the following version of (2.8):
Denote by D ℓ,n the set of derangements in G ℓ,n . Let E n = ∅ if n is odd and E n = {(1 2)(3 4) · · · (n − 1 n)} if n is even. Introduce also F n = ∅ if n is even and F n = {1}×{n}×E n−1 if n is odd. We are going to define a mapping τ ℓ : (ε, k, π) −→ π ′ from (C ℓ × [n] × D ℓ,n−1 ) \ F n to D ℓ,n \ E n , which implies the above identities.
Factorize π into disjoint cycles. We construct the cyclic factorization of π ′ by distinguishing several cases and by giving an example in G 4,9 for each case. Let c(k) be the length of the cycle of π containing k and write k = sgn π (k) · k.
1. If k < n, we obtain π ′ by inserting ε n just after k in a cycle of π. Example: ε = ζ 3 , k = 3, π = (14 2)(3)(56 87) then π ′ = (14 2)(93)(56 87).
2. If k = n and ε = 1, we obtain π ′ by creating the cycle (εn). Example: ε = ζ 3 , k = 9, π = (14 2)(3)(56 87) then π ′ = (14 2)(3)(56 87)(9).
3. Suppose k = n and ε = 1. Let p ≥ 0 be the smallest integer such that the transposition (2p + 1, 2p + 2) is not a cycle of π. In all the examples of this part we take p = 2. Here is the inverse algorithm of τ ℓ : π ′ → (ε, k, π). Denote by c(n) the length of the cycle of π ′ containing n. In what follows we write ρ = sgn π ′ (n) and k = sgn π ′ (k) · k.
• If c(n) ≥ 3 or c(n) = 1 or c(n) = 2 and sgn π ′ (|π ′ |(n)) = 1 then ε = sgn π ′ (n) and k = |π ′ | −1 (n) and we obtain π by deleting the letter n.
• If c(n) = 2 and sgn π ′ (|π ′ |(n)) = 1 then ε = 1 and k = n. Let p be the smallest integer such that the transposition (2p + 1, 2p + 2) is not a cycle of π ′ .
a. If π ′ (n) = 2p + 1 and ρ = 1 then we delete the cycle containing n and insert the letter 2p + 1 just before the letter 2p + 2.
b. If π ′ (n) = 2p + 1 and sgn π ′ (2p + 1) = 1 and |π ′ |(2p + 1) = 2p + 2, we first delete 2p + 1 and the cycle containing n, then create the cycle (ρ · π ′ (n), 2p + 1).
c. If |π ′ |(2p+1) = 2p+2 and π ′ (n) = 2p+1 then we delete the cycle containing n and then insert the letter ρ · π ′ (n) before the letter 2p + 1.
d. If π ′ (n) = 2p + 1 and ρ = 1 then we delete the cycle containing n and create the cycle containing the single letter 2p + 1 with the sign ρ.
For example, the mapping τ 2 : (C 2 × [3] × D 2,2 ) \ F 3 −→ D 2,3 \ E 3 , where E 3 = ∅ and F 3 = (1, 3, (1 2) ), is given in the following 8.3 Combinatorial proof of (7.14)
By Theorem 12 the coefficient d 
